be a triangular algebra, where A and B are algebras over an arbitrary commutative ring k and M is an (A, B)-bimodule. We prove the existence of two long exact sequence of k-modules relating the Hochschild cohomology of A, B and R.
Introduction
Let k be an arbitrary commutative ring with unit, A and B two k-algebras with unit, M an (A, B)-bimodule, E = A M 0 B the triangular algebra and X an E-bimodule. Let 1 A and 1 B be the unit elements of A and B respectively. The purpose of this paper is to prove the following results: Theorem 1. There exists a long exact sequence
where Ext * A⊗B op ,k (M, 1 A X1 B ) denotes the Ext groups of the A ⊗ B op -module M , relative to the family of the A ⊗ B op -linear epimorphism, which splits as k-linear morphisms.
Let π : E → B the ring morphism defined by π a m 0 b = b. We let B E denote the ring B consider as an E-bimodule via π.
Theorem 2. There exists a long exact sequence
where Ext * These theorems, which generalize a previous result of [H] , were established in [M-P] under the assumption that k is a field, A and B are finite dimensional kalgebras, M is a finitely generated (A, B)-bimodule and X = E. As was pointed out in [M-P] , this version of Theorem 1, also follows from a result of [C] . Our proofs are elementary. The main tool that we use is the existence of a simple relative projective resolution of E.
Next, we enunciate the homological versions of Theorems 1 and 2. Similar methods to the ones used to prove Theorems 1 and 2 works in the homological context. We left the task of complete the details to the reader.
Theorem 1'. There exists a long exact sequence Remark. When the present paper was finished we learned that Theorem 1 was also obtained in [C-M-R-S] under the additional assumptions that k is a field, X = E and M is A-projective on the left or B-projective on the right.
Proof of the results
Let (E * +2 , b ′ * ) be the canonical resolution of E and let (X * , b ′ * ) be the E-bimodule subcomplex of (E * +2 , b ′ * ), defined by
It is easy to see that (X * , b ′ * ) is a direct summand of (E * +2 , b ′ * ) as an E-bimodule complex. Moreover, the complex
is contractible as a right E-module complex. Hence, (X * , b ′ * ) is a projective resolution of the E e -module E, relative to the family of the E e -linear epimorphism, which splits as k-linear morphisms.
Let (X A * , b ′ * ) and (X B * , b ′ * ) be the subcomplexes of (X * , b
. It is easy to see that (X A * , b ′ * ) and (X B * , b ′ * ) are projective resolutions of the E e -modules 1 A E and E1 B respectively, relative to the family of the E e -linear epimorphism, which splits as k-linear morphisms. We have the following:
is a relative projective resolution of M as an E-bimodule. A contracting homotopy of ( * ) as a complex of k-modules is the the family
(n ≥ 1), defined by:
Proof. It follows by a direct computation.
Lemma 4. We have
Proof. Since, for every f ∈ Hom A e (A n+2 , X),
for a i ∈ A and m ∈ M , and let ϑ A n : Hom E e (X A n , X) → Hom A e (A n+2 , X) be the map defined by restriction.
for all a 0 , . . . , a n ∈ A and m ∈ M , we have that θ A n • ϑ A n (ϕ) = ϕ. As the family θ * • i * is a map of complexes, the first assertion holds. The proof of the second one is similar.
Lemma 5. We have
Proof. Since, for every f ∈ Hom E e Xn X A n ⊕X B n , X ,
, X is an isomorphism. To end the proof it suffices to observe that Hom 
